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KUPERSHMIDT OPERATORS AND RELATED STRUCTURES ON
LEIBNIZ ALGEBRAS
QINXIU SUN AND NAIHUAN JING∗
Abstract. Kupershmidt operator is a key to extend a Leibniz algebra by its representation.
In this paper, we investigate several structures related to Kupershmidt operators on Leibniz
algebras and introduce (dual) KN-structures on a Leibniz algebra associated to a representation.
It is proved that Kupershmidt operators and dual KN-structures can generate each other with
certain conditions. It is also shown that a solution of the strong Maurer-Cartan equation on the
twilled Leibniz algebra gives rise to a dual KN-structure. Finally, the notions of r−n structures,
RBN-structures and BN-structures on Leibniz algebras are thoroughly studied and shown to
bear interesting interrelations.
1. Introduction
Leibniz algebras were introduced by Loday [L, LT] in the study of the periodicity in algebraic
K-theory by forgetting the anti-symmetry in Lie algebras. Numerous works have been devoted
to various aspects of Leibniz algebras in both mathematics and physics [BW, C, DMS, DW,
VKO, KM, KW].
First, the Kupershmidt operator (or O-operator) was originally meant to generalize the well-
known classical Yang-Baxter equation (YBE) on Lie algebras [K] and provides a solution of the
YBE on a larger Lie algebra [B1]. For associate algebras, the Kupershmidt operators give rise to
dendriform algebras, which have played an important role in bialgebra theory [B2] and operads
[BBGN]. Recently Sheng and Tang [ST] introduced the notion of Leibniz-dendriform algebras
in their study of algebraic structure underlying the Kupershmidt operator and cohomologies
of Kupershmidt operators on Leibniz algebras. The Leibniz-dendriform algebra captures the
essential algebraic structure underlying a Kupershmidt operator, which in turn leads to a Leibniz
structure on itself and most importantly a solution of the classical Leibniz Yang-Baxter equation.
Moreover, the twilled Leibniz algebras were also considered and Maurer-Cartan elements of the
associated graded Lie algebra (gLa) were given therein.
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Secondly, Rota-Baxter operators were first introduced by Baxter in his study of fluctuation
theory in probability [Ba]. They have been found useful in many contexts, for example in
quantum analogue of poisson geometry and so on, see [G, ZBG] for more information.
Thirdly, Nijenhuis operators on Lie algebras have been studied in [D] and [FF]. In the
perspective of deformations of Lie algebras, Nijenhuis operators canonically give rise to trivial
deformations [NR]. Nijenhuis operators have also been studied on pre-Lie algebras [WSBL] and
Poisson-Nijenhuis structures appeared in completely integrable systems [MM] and were further
studied in [KM, KR]. The r−n structure over a Lie algebra was studied in [RAH]. Recently, Hu,
Liu and Sheng [HLS] studied the (dual) KN-structure as generalization of the r − n structure.
The associative analogues of Poisson-Nijenhuis structures have also been considered in [LBS, U].
In the present work, we would like to study the algebraic structures related to Kupershmidt
operators on a Leibniz algebra as well as their relations with other related structures such as
the analogous Rota-Baxter operator and criteria in terms of YBEs.
The paper is organized as follows. In Section 2, we give some elementary results on Leibniz
algebras. The (dual-) Nijenhuis pair is studied in Section 3. Moreover, Nijenhuis pair can gen-
erate a trivial deformation. In Section 4, we consider the notions of (dual) KN-structures. Their
properties are also explored. In Section 5, the relationship between Nijenhuis and Kupershmidt
operators are characterized. More importantly, Kupershmidt operators and dual KN-structures
are shown to generate each other under some conditions. In Section 6, we prove that a solu-
tion of the strong Maurer-Cartan equation on the twilled Leibniz algebra can generate a dual
KN-structure. Finally, the notions of r − n structures, RBN-structures and BN -structures on
Leibniz algebras and their relationships are studied.
2. Preliminaries on Leibniz algebras
We briefly review some elementary notions on Leibniz algebras [L, ST, B, FM].
Let g be a complex Leibniz algebra, i.e., the vector space g is equipped with a complex bilinear
product [ , ] : g× g −→ g satisfying the (left) Leibniz property: for x0, x1, x2 ∈ g
[x0, [x1, x2]] = [[x0, x1], x2]] + [x1, [x0, x2]].
To indicate the bilinear operation, g is often written as (g, [ , ]).
Let V be a complex vector space, the endomorphism algebra End(V ) becomes the Lie algebra
gl(V ) under the usual bracket operation: [f, g] = fg − gf , f, g ∈ End(V ). Let ρL, ρR : g −→
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gl(V ) be two linear maps satisfying the following property:
ρL([x0, x1]) = [ρ
L(x0), ρ
L(x1)], ρ
R([x0, x1]) = [ρ
L(x0), ρ
R(x1)],
ρR(x1)ρ
L(x0) = −ρ
R(x1)ρ
R(x0), ∀ x0, x1 ∈ g,
then the triple (V, ρL, ρR) is called a representation of the Leibniz algebra g. In essence, V
is a representation of the Leibniz algebra g iff V ⊕ g is a Leibniz algebra under the bracket
[w0 + x0, w1 + x1] = [w0, x1] + [x0, w1] + [x0, x1], where [w0, x1] = ρ
R(x1)w0, [x0, w1] = ρ
L(x0)w1
and [w0, w1] = 0,∀ w0, w1 ∈ V .
Given a representation (V, ρR, ρL) of the Leibniz algebra g, the triple (V ∗, (ρL)∗,−(ρL)∗ −
(ρR)∗) is also a representation of g, called the dual representation associated with V . Here the
dual map ψ∗ of a linear map ψ : g −→ V is defined as usual: 〈ψ∗(y)w∗, w0〉 = 〈w
∗, ψ(y)w0〉 for
all y ∈ g, w∗ ∈ V ∗, w0 ∈ V .
Let L (resp. R) be the left (resp. right) multiplication operator associated to g, i.e.
L(x0)x1 = R(x1)x0 = [x0, x1], ∀ x0, x1 ∈ g.
Then (g, L,R) is a priori a representation of g called the regular representation. By the above
remark, (g∗, L∗,−L∗ −R∗) is the dual representation.
To define a nontrivial Leibniz algebra structure on V ⊕ g, where V is a representation of the
Leibniz algebra g, we need the notion of Kupershmidt operators [K]. A linear map K : V −→ g
is called a Kupershmidt operator associated to the representation (V, ρL, ρR) if for u, v ∈ V
[K(u),K(v)] = K(ρL(K(u))v + ρR(K(v))u). (2.1)
Writing u ⊳K v = ρL(K(u))(v) and u ⊲K v = ρR(K(v))(u), then the Kupershmidt condition
(2.1) is [K(u),K(v)] = K(u⊳K v+u⊲K v), and V becomes a Leibniz algebra with the bracket:
[u, v]K := u⊲K v+u⊳K v. Furthermore, the triple (V,⊲K ,⊳K) is actually a Leibniz-dendriform
algebra (see [ST] for detail). In view of this, V is referred as the sub-adjacent Leibniz algebra of
(V,⊲K ,⊳K) and denoted by (VK , [ , ]
K).
The Leibniz algebra (VK , [ , ]
K) has a natural representation (̺LK , ̺
R
K) over g given by
̺LK(v)x = [K(v), x] −K(ρ
R(x)v), ̺RK(v)x = [x,K(v)] −K(ρ
L(x)v)
for any x ∈ g, v ∈ V . Then K is also a Kupershmidt operator for the regular representation.
With the given Kuperschmidt operator K, the space g⊕ V becomes a Leibniz algebra with
{x0 + v0, x1 + v1}K = [x0, x1] + ̺
L
K(v0)x1 + ̺
R
K(v1)x0 + ρ
L(x0)v1 + ρ
R(x1)v0 + [v0, v1]
K
for any x0, x1 ∈ g, v0, v1 ∈ V .
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Let g be a Leibniz algebra. Following [ST], an element π =
∑
i ai ⊗ bi ∈ g ⊗ g is called a
Leibniz r-matrix if it satisfies the classical Yang-Baxter equation (YBE):
[π12, π13] + [π12, π23] + [π23, π13] = 0,
where π12 =
∑
i ai⊗ bi⊗1 ∈ g
⊗3 etc. It is known that if π is a symmetric solution of the Leibniz
YBE, then the map π♯ : g∗ −→ g given by
〈π♯(α0), α1〉 = π(α0, α1), ∀ α0, α1 ∈ g
∗
is a Kupershmidt operator on (g∗, L∗,−L∗ −R∗).
If the Leibniz algebra g decomposes itself into a sum of two subspaces: g = g1 ⊕ g2 such that
g1 (resp. g2) is a representation of g2 (resp. g1) through the bracket operation, then it is called a
twilled Leibniz algebra and denoted by g1 ⊲⊳ g2. In such a case, we also call (g1, g2, ρ
L
1 , ρ
R
1 , ρ
L
2 , ρ
R
2 )
a matched pair of Leibniz algebras.
One can also define the Leibniz cohomology of g as follows. Let Homn(g, g) = Hom(⊗ng, g)
and C∗(g, g) = ⊕n≥1Hom
n(g, g). It is known that C∗(g, g) is a graded Lie algebra (gLa) with
the Balavoine bracket { , }B as follows:
{ϕ1, ϕ2}
B = ϕ1◦¯ϕ2 − (−1)
mnϕ2◦¯ϕ1
where ϕ1◦¯ϕ2 ∈ Hom
m+n+1(g, g) is given by
ϕ1◦¯ϕ2 =
m+1∑
k=1
(−1)(k−1)nϕ1 ◦k ϕ2,
and ◦k is as follows:
ϕ1 ◦k ϕ2(x0, · · ·, xm+n)
=
∑
σ∈S(k−1,n)
(−1)σϕ1(xσ(0), · · ·, xσ(k−2), ϕ1(xσ(k−1), · · ·, xσ(k+n−1), xk+n), xk+n+1, · · ·, xm+n),
for any ϕ1 ∈ Hom
m+1(g, g), ϕ2 ∈ Hom
n+1(g, g).
Furthermore, (C∗(g, g), [ , ]µ, d) is a differential graded Lie algebra (dgLa), where [ϕ1, ϕ2]µ =
(−1)m{{µ,ϕ1}
B , ϕ2}
B for ϕ1 ∈ Hom
m+1(g, g), and the differential d is defined by d(ϕ) =
{µ,ϕ}B , where µ is the Leibniz bracket of g. See [B, FM] for more details.
Let g1 ⊲⊳ g2 be a twilled Leibniz algebra, denote the Leibniz bracket on g2 ⊕ g1 by µ2,
then (C∗(g2 ⊕ g1, g2 ⊕ g1), [ , ]µ2 , d) is a dgla with d(ϕ) = {µ2, ϕ}
B . Obviously, C∗(g1, g2) =
⊕n≥1Hom
n(g1, g2) = ⊕n≥1Hom(⊗
ng1, g2) is a subalgebra of C
∗(g2 ⊕ g1, g2 ⊕ g1). Suppose
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Θ : g1 −→ g2 is a linear map. The equations
dΘ+
1
2
[Θ,Θ]µ2 = 0, dΘ =
1
2
[Θ,Θ]µ2 = 0
are called the Maurer-Cartan equation and the strong Maurer-Cartan equation respectively.
Then Θ is a solution of the Maurer-Cartan equation iff
[Θ(y),Θ(z)]2 + ρ
L
1 (y)Θ(z) + ρ
R
1 (z)Θ(y) = Θ(ρ
L
2Θ(y)(z) + ρ
R
2 Θ(z)(y)) + Θ([y, z]1), (2.2)
for any y, z ∈ g1. Here [ , ]i refers to the Leibniz bracket on gi (i = 1, 2). It is known [ST] that
Θ is a solution of the strong Maurer-Cartan equation if and only if (2.2) and the following extra
condition hold:
Θ([y, z]1) = ρ
L
1 (y)Θ(z) + ρ
R
1 (z)Θ(y). (2.3)
The following result is a special case of the above discussion (cf. [ST]) with g1 = g and
g2 = VK .
Theorem 2.1. [ST] Let K be a Kupershmidt operator on a Leibniz algebra g with a repre-
sentation V , and let Θ : g −→ V be a linear map. Then Θ satisfies the strong Maurer-Cartan
equation on the twilled algebra g ⊲⊳ VK if and only if
Θ([y, z]) = ρL(y)Θ(z) + ρR(z)Θ(y), (2.4)
[Θ(y),Θ(z)]K = Θ(̺LK(Θ(y))z + ̺
R
K(Θ(z))y). (2.5)
3. (Dual-)Nijenhuis pair
Let (V, ρL, ρR) be a representation of a Leibniz algebra g. Suppose ω : g ⊗ g −→ g is a
bilinear map, and ̟L,̟R : g −→ gl(V ) are two linear maps. We can use these maps to deform
the Leibniz bracket [ , ] and the action maps ρL, ρR as follows. For real t ≥ 0 and x0, x1 ∈ g,
put
[x0, x1]t = [x0, x1] + tω(x0, x1)
ρRt (x0) = ρ
R(x0) + t̟
R(x0), ρ
L
t (x0) = ρ
L(x0) + t̟
L(x0).
The triple (ω,̟L,̟R) is said to generate an infinitesimal deformation of the representation
(V, ρL, ρR) of g if for each t, (g, [ , ]t) is a Leibniz algebra and (V, ρ
L
t , ρ
R
t ) is its representation.
In particular, V can be viewed as its trivial deformation with (ω,̟L,̟R) = (0, 0, 0).
The following concept generalizes that of Lie algebras studied in [HLS].
Definition 3.1. Two deformations (V, ρLt , ρ
R
t ), (V, ρ
L′
t , ρ
R′
t ) of the representation (V, ρ
L, ρR)
of g are equivalent if there is an isomorphism (Ig + tN, IV + tS) from (V, ρ
L′
t , ρ
R′
t ) to (V, ρ
L
t , ρ
R
t ),
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where N ∈ End(g) and S ∈ End(V ), such that for any x0, x1 ∈ g,
(Ig + tN)([x0, x1]
′
t) = [(Ig + tN)(x0), (Ig + tN)(x1)]t, (3.1)
(IV + tS)ρ
L′
t (x0) = ρ
L
t ((Ig + tN)(x0))(IV + tS), (3.2)
(IV + tS)ρ
R′
t (x0) = ρ
R
t ((Ig + tN)(x0))(IV + tS). (3.3)
When (V, ρLt , ρ
R
t ) is equivalent to (V, ρ
L, ρR), the former is called a trivial deformation of the
latter.
By direct calculation, if (V, ρLt , ρ
R
t ) is a trivial deformation, then (3.1) implies that N is a
so-called Nijenhuis operator:
[N(x0), N(x1)] = [N(x0), x1] + [x0, N(x1)]−N([x0, x1]). (3.4)
Denote [x0, x1]N = [N(x0), x1] + [x0, N(x1)]−N([x0, x1]).
Moreover, N,S also satisfy
ρL(N(y))S(w) = S(ρL(N(y))w) + S((ρL(y)S(w)) − S2(ρL(y)w), (3.5)
ρR(N(y))S(w) = S(ρR(N(y))w) + S((ρR(y)S(w)) − S2(ρR(y)w). (3.6)
Now we are ready to define (dual-)Nijenhuis pairs.
Definition 3.2. Let (V, ρL, ρR) be a representation of the Leibniz algebra g, and let N ∈ gl(g)
and S ∈ gl(V ). A pair (N,S) is called a Nijenhuis pair associated to the representation if N is
a Nijenhuis operator and (N,S) satisfies the identities (3.5), (3.6).
Definition 3.3. Let (V, ρL, ρR) be a representation of the Leibniz algebra g, and let N ∈ gl(g)
and S ∈ gl(V ). A pair (N,S) is called a dual-Nijenhuis pair associated to the representation if
N is a Nijenhuis operator and (N,S) satisfies:
ρL(N(y))S(w) = S(ρL(N(y))w) + ρL(y)(S2(w)) − S(ρL(y)S(w)), (3.7)
ρR(N(y))S(w) = S(ρR(N(y))w) + ρR(y)(S2(w))− S(ρR(y)S(w)). (3.8)
Obviously, a trivial deformation gives rise to a Nijenhuis pair. Conversely, a Nijenhuis pair
also determines a trivial deformation via (3.1)-(3.3). More precisely, we have the following result.
Theorem 3.4. Let (N,S) be a Nijenhuis pair associated to a representation (V, ρL, ρR) of a
Leibniz algebra g. Then the following triple defines a trivial deformation of (V, ρL, ρR):
ω(y1, y2) = [N(y1), y2] + [y1, N(y2)]−N [y1, y2] = [N(y1), N(y2)],
̟L(y) = ρL(N(y)) + ρL(y)S − SρL(y),
̟R(y) = ρR(N(y)) + ρR(y)S − SρR(y).
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Theorem 3.5. Let N ∈ gl(g), S ∈ gl(V ), and (V, ρL, ρR) a representation of Leibniz al-
gebra g. The pair (N,S∗) is a dual-Nijenhuis one with respect to the dual representation
(V ∗, (ρL)∗,−(ρL)∗ − (ρR)∗) if and only if (N,S) is a Nijenhuis pair on the representation
(V, ρL, ρR).
Proof. For any y ∈ g, w ∈ V, α ∈ V ∗,
〈ρL(N(y))S(w) − S(ρL(N(y))(w)) − S((ρL(y)S(w)) + S2(ρL(y)(w)), α〉
= 〈w,S∗(ρL)∗(N(y))(α) − (ρL)∗(N(y))(S∗(α)) − S∗(ρL)∗(y)(S∗(α)) + (ρL)∗(y)((S∗)2(α))〉
= 0,
that is,
S∗(ρL)∗(N(y))(α) − (ρL)∗(N(y))(S∗(α))− S∗(ρL)∗(y)(S∗(α)) + (ρL)∗(y)((S∗)2(α)) = 0.
Similarly,
S∗(ρR)∗(N(y))(α) − (ρR)∗(N(y))(S∗(α)) − S∗(ρR)∗(y)(S∗(α)) + (ρR)∗(y)((S∗)2(α) = 0.
It follows that
S∗((ρR)∗ + (ρL)∗)(N(y))(α) − ((ρR)∗ + (ρL)∗)(N(y))(S∗(α)) − S∗((ρR)∗ + (ρL)∗)(y)(S∗(α))
+((ρR)∗ + (ρL)∗)(y)((S∗)2(α)) = 0,
which implies the conclusion. 
Definition 3.6. A perfect Nijenhuis pair is a Nijenhuis pair (N,S) with the following iden-
tities:
S2(ρL(y)(w)) + ρL(y)(S2(w)) = 2S(ρL(y)S(w)),
S2(ρR(y)(w)) + ρR(y)(S2(w)) = 2S(ρR(y)S(w)).
Proposition 3.7. Suppose that (g1, g2, ρ
L
1 , ρ
R
1 , ρ
L
2 , ρ
R
2 ) is the matched pair of Leibniz algebras
gi (i = 1, 2). Let (N,S) be a Nijenhuis pair on g1 with respect to the representation (g2, ρ
L
2 , ρ
R
2 ),
and (S,N) a Nijenhuis pair on g2 with respect to the representation (g1, ρ
L
1 , ρ
R
1 ). Then
(i) N + S is a Nijenhuis operator on g1 ⊲⊳ g2.
(ii) If (N,S) is a perfect Nijenhuis pair, then N + S∗ is a Nijenhuis operator on the corre-
sponding Leibniz algebra g1 ⊲⊳ g
∗
2.
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Proof. We only check case (i), for any x0, x1 ∈ g1, a0, a1 ∈ g2,
[(x0 + a0), (x1 + a1)]N+S
= [N(x0) + S(a0), x1 + a1] + [x0 + a0, N(x1) + S(a1)]− (N + S)[x0 + a0, x1 + a1]
= [N(x0), x1] + ρ
L
2 (S(a0))(x1) + ρ
R
2 (a1)(N(x0)) + [S(a0), a1] + ρ
L
1 (N(x0))(a1) + ρ
R
1 (x1)(S(a0))
+[x0, N(x1)] + ρ
L
2 (a0)(N(x1)) + ρ
R
2 (S(a1))(x0) + [a0, S(a1)] + ρ
L
1 (x0)(S(a1)) + ρ
R
1 (N(x1))(a0)
−N [x0, x1]−N(ρ
L
2 (a0)(x1))−N(ρ
R
2 (a1)(x0))− S[a0, a1]− S(ρ
L
1 (x0)a1)− S(ρ
R
1 (x1)a0). (3.9)
At the same time,
[(N + S)(x0 + a0), (N + S)(x1 + a1)]
= [N(x0), N(x1)] + ρ
L
2 (S(a0))(N(x1)) + ρ
R
2 (S(a1))(N(x0)) + [S(a0), S(a1)]
+ρL1 (N(x0))(S(a1)) + ρ
R
1 (N(x1))(S(a0)). (3.10)
Combining (3.9) and (3.10), we get
[(x0 + a0), (x1 + a1)]N+S − [(N + S)(x0 + a0), (N + S)(x1 + a1)] = 0.
HenceN+S is a Nijenhuis operator on g1 ⊲⊳ g2. The remaining part can be checked similarly. 
Let’s consider the following linear maps ρˆL, ρˆR, ρ˜L, ρ˜R : g −→ gl(V ) defined by:
ρˆL(y) = ρL(N(y)) + ρL(y)S − SρL(y),
ρˆR(y) = ρR(N(y)) + ρR(y)S − SρR(y),
ρ˜L(y) = ρL(N(y)) + SρL(y)− ρL(y)S,
ρ˜R(y) = ρR(N(y)) + SρR(y)− ρR(y)S.
Corollary 3.8. Let (N,S) be a (resp. dual-)Nijenhuis pair over a representation (V, ρL, ρR)
of a Leibniz algebra g. Then (resp. (V, ρ˜L, ρ˜R)) (V, ρˆL, ρˆR) becomes a representation of the
Leibniz algebra (g, [ , ]N ).
Proof. (i) For the Nijenhuis pair, according to (3.9),
[x0 + v0, x1 + v1]N+S = [x0, x1]N + ρˆL(x0)v2 + ρˆR(x1)v1,
which indicates that (V, ρ˜L, ρ˜R) is a representation of (g, [ , ]N ).
(ii) If (N,S) is a dual-Nijenhuis pair, clearly, the dual maps ρ˜L
∗
, ρ˜R
∗
of ρ˜L, ρ˜R are given by
ρ˜L
∗
(y) = (ρL)∗(N(y)) + (ρL)∗(y)S∗ − S∗(ρL)∗(y),
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and
ρ˜R
∗
(y) = (ρR)∗(N(y)) + (ρR)∗(y)S∗ − S∗(ρR)∗(y).
According to Proposition 3.7, (N,S∗) is a Nijenhuis pair over the representation (V ∗, (ρL)∗,−(ρL)∗−
(ρR)∗). In view of (i), we get the conclusion. 
4. (dual) KN-structures
Let K be a Kupershmidt operator over the representation (V, ρL, ρR) of a Leibniz algebra
g. On the sub-adjacent Leibniz algebra (VK , [ , ]
K), let S ∈ gl(V ) and define the deformed
operation [ , ]KS on V as follows: ∀w, u ∈ V
[w, u]KS = [S(w), u]
T + [w,S(u)]K − S[w, u]K .
Now let (N,S) be a (dual-)Nijenhuis pair over the representation (V, ρL, ρR). In view of
Corollary 3.8, there are two representations (V, ρˆL, ρˆR) and (V, ρ˜L, ρ˜R) of the deformed Leibniz
algebra (g, [ , ]N ). We can define two operations [ , ]
K
ρˆ , [ , ]
K
ρ˜ : V ⊗ V −→ V by
[w, u]Kρˆ = ρˆ
L(K(w))(u) + ρˆR(K(u))(w),
[w, u]Kρ˜ = ρ˜
L(K(w))(u) + ρ˜R(K(u))(w).
In general, [ , ]KS , [ , ]
K
ρˆ and [ , ]
K
ρ˜ are not Leibniz brackets on V . Obviously, if S is a Nijenhuis
operator, then [ , ]KS is a Leibniz bracket. At the same time, [ , ]
K
ρˆ and [ , ]
K
ρ˜ become Leibniz
brackets when K is a Kupershmidt operator on (V, ρˆL, ρˆR) and (V, ρ˜L, ρ˜R) respectively. In the
following, we will study when these happen.
Definition 4.1. Let K : V −→ g be a Kupershmidt operator and (N,S) a (resp. dual-)
Nijenhuis pair over the representation (V, ρL, ρR) of g. Then the triple (K,S,N) is called a
(dual) KN-structure over the representation (V, ρL, ρR) if the following holds:
NK = KS and [w, u]NK = [w, u]KS . (4.1)
Proposition 4.2. If (K,S,N) is a (dual) KN-structure, then
[w, u]KS = [w, u]
K
ρˆ .
Proof. (i) Suppose (K,S,N) is a KN-structure, it follows from NK = KS and the definitions
of [ , ]KS , [ , ]
K
ρˆ that
[w, u]KS = [w, u]
K
ρˆ .
(ii) Using NK = KS we see that
[w, u]KS + [w, u]
K
ρ˜ = 2[w, u]
NK .
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Due to [w, u]NK = [w, u]TS , we also get
[w, u]KS = [w, u]
K
ρ˜ .
By the above, we see that the operations [ , ]KS , [ , ]
K
ρ˜ , [ , ]
K
ρˆ and [ , ]
NK are the same when
(K,S,N) is a (dual) KN-structure. 
Theorem 4.3 If (K,S,N) is a (dual) KN-structure, then S is a Nijenhuis operator on
(VK , [ , ]
K). Moreover, the operations [ , ]KS , [ , ]
K
ρ˜ and [ , ]
K
ρˆ all give rise to Leibniz alge-
bras.
Proof. When (K,S,N) is a KN-structure, substituting y by K(v) in (3.5), we have that
ρL(NK(v))S(w) − S(ρL(NK(v)))(w) − SρL(K(v))S(w) + S2(ρL(K(v))w)
= ρL(KS(v))S(w) − S(ρL(KS(v)))(w) − SρL(K(v))S(w) + S2(ρL(K(v))w)
= S(v) ⊳K S(w)− S(S(v) ⊳K w)− S(v ⊳K S(w)) + S2(v ⊳K w) = 0.
The same identity holds by replacing ⊳K with ⊲K . But [ , ]K = ⊳K +⊲K , so
[S(v), S(w)]K = S([S(v), w]K ) + S([v, S(w)]K )− S2([v,w]K) = 0.
Thus S is a Nijenhuis operator on (VK , [ , ]
K).
If (K,S,N) is a dual KN-structure, using [v,w]NK = [v,w]KS it follows that
ρR(K(w))S(v) + ρL(K(v))S(w) − S(ρRK(w)v) − S(ρLK(v)w) = 0. (4.2)
Replacing v by S(v) in (4.2), we have
ρR(K(w))S2(v) + ρL(K(S(v)))S(w) − S(ρRK(w)S(v)) − S(ρLK(S(v))w) = 0. (4.3)
Applying S to both sides of (4.2), we get
S(ρR(K(w))S(v)) + S(ρL(K(v))S(w)) − S2(ρRK(w)v) − S2(ρLK(v)w) = 0. (4.4)
Replacing y by K(w) and w by v in the identities (3.7) and (3.8), we get that
ρL(KS(w))S(v) = S(ρL(KS(w))(v)) + ρL(K(w))(S2(v)) − S((ρL(K(w))S(v)), (4.5)
ρR(KS(w))S(v) = S(ρR(KS(w))(v)) + ρR(K(w))(S2(v)) − S((ρR(K(w))S(v)). (4.6)
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In view of (4.3)-(4.6),
[S(v), S(w)]K − S([v,w]KS )
= ρL(KS(v))S(w) + ρR(KS(w))S(v) − S(ρL(KS(v))w + ρR(K(w))S(v) + ρL(K(v))S(w)
+ρR(KS(w))v) + S2(ρL(K(v))w + ρR(K(w))v)
= ρL(KS(v))S(w) + ρR(KS(w))S(v) − ρR(K(w))S2(v)− ρL(KS(v))S(w) − S(ρL(K(v))S(w)
+ρR(KS(w))v) + S(ρR(Kw)S(v)) + S(ρL(K(v))S(w)) = 0.
Thus the result follows. 
Proposition 4.4 Suppose that (K,S,N) is a (dual) KN-structure. Then
(i) K is a Kupershmidt operator associated to the representation (V, ρˆL, ρˆR) ((V, ρ˜L, ρ˜R));
(ii) NK is a Kupershmidt operator associated to the representation (V, ρL, ρR).
Proof. Use Proposition 4.2 and direct calculation. 
Theorem 4.5. Suppose that (K,S,N) is a KN-structure with invertible K, then (K,S,N)
becomes a dual KN-structure.
Proof. It is enough to show that (S,N) is a dual-Nijenhuis pair. In view of the KN-structure
(K,S,N), substituting S(v) for v in (4.2) we have that
ρR(K(w))S2(v) + ρL(K(S(v)))S(w) = S(ρL(K(S(v)))w + ρR(K(w))S(v)). (4.7)
Taking account of [v,w]KS = [v,w]
KS ,
S([v,w]KS) = S([v,w]KS ) = [S(v), S(w)]
K ,
that is,
S(ρL(KS(v))w + ρR(KS(w))v) = ρL(KS(v))S(w) + ρR(KS(w))S(v). (4.8)
Combining (4.7) and (4.8), we have
0 = ρR(K(w))S2(v) + S(ρR(KS(w))v) − ρR(KS(w))S(v) − S(ρR(K(w))S(v))
= ρR(K(w))S2(v) + S(ρR(NK(w)))v − ρR(NK(w))S(v) − S(ρR(K(w))S(v)). (4.9)
Since K is invertible, we get
(ρR(x)S2 − ρR(N(x))S)(v) + S((ρR(N(x)) − ρR(x)S)(v)) = 0.
Similarly, the same identity holds for ρL, thus (S,N) is a dual-Nijenhuis pair. 
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5. Compatible Kupershmidt operators and (dual) KN-structures
Definition 5.1. Let K1,K2 : V −→ g be two Kupershmidt operators associated to a
representation (V, ρL, ρR) of a Leibniz algebra g. We say that K1 and K2 are compatible if
n1K1 + n2K2 is a Kupershmidt operator with any complex numbers n1, n2.
By direct calculation we get the following.
Proposition 5.2. Let K1,K2 : V −→ g be two Kupershmidt operators on a representation
(V, ρL, ρR) over a Leibniz algebra g. Then K1 and K2 are compatible iff
[K1(w),K2(v)] + [K2(w),K1(v)] = K1(ρ
L(K2(w))(v) + ρ
R((K2(v))(w)))
+K2(ρ
L(K1(w))(v) + ρ
R((K1(v))(w))),∀ w, v ∈ V.
Compatible Kupershmidt operators can be constructed from a pair of Kupershmidt and Ni-
jenhuis operators.
Proposition 5.3. Suppose that N is a Nijenhuis operator and K : V −→ g is a Kupershmidt
operator associated to a representation (V, ρL, ρR) of a Leibniz algebra g. Then
(i) NK is a Kupershmidt operator associated to the representation (V, ρL, ρR) iff
N([NK(w),K(u)] + [K(w), NK(u)])
= NK(ρL(NK(w))u + ρR(NK(u))w) +N2T (ρL(K(w))u + ρR(K(w))u). (5.1)
(ii) If NK is Kupershmidt operator with N invertible, then K and NT are compatible.
Proof (i) As K is a Kupershmidt operator,
[K(w),K(u)] = K(ρL(K(w))(u) + ρR(K(u))(w)).
Note that N is a Nijenhuis operator, then
[NK(w), NK(u)] = N([NK(w),K(u)] + [K(w), NK(u)]) −N2([K(w),K(u)])
= N([NK(w),K(u)] + [K(w), NK(u)]) −N2K(ρL(K(w))u+ ρR(K(u))w). (5.2)
By (5.2), NT is a Kupershmidt operator iff
N([NK(w),K(u)] + [K(w), NK(u)])
= NK(ρL(NK(w))u + ρR(NK(u))w) +N2K(ρL(K(w))u + ρR(K(u))w). (5.3)
(ii) Applying N−1 to both sides of (5.3), we obtain that
[NK(w),K(u)] + [K(w), NK(u)]
= K(ρL(NK(w))u + ρR(NK(u))w) +NK(ρL(K(w))u + ρR(K(u))w).
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Hence, K and NK are compatible.
Proposition 5.4. Let K1,K2 be compatible Kupershmidt operators associated to a repre-
sentation (V, ρL, ρR) of Leibniz algebra g, and suppose K2 is invertible. Then N = K1K
−1
2 is a
Nijenhuis operator.
Proof. ∀x1, x2 ∈ g, sinceK2 is invertible, there are w, u ∈ V such thatK2(w) = x1, K2(u) = x2.
As K1 = NK2 is a Kupershmidt operator,
[NK2(w), NK2(u)] = NK2(ρ
L(NK2(w))(u) + ρ
R(NK2(u))(w)). (5.4)
Compatibility of K1 = NK2 and K2 implies that
[NK2(w),K2(u)] + [K2(w), NK2(u)]
= NK2(ρ
L(K2(w))u + ρ
R(K2(u)w)) +K2(ρ
L(NK2(w))u + ρ
R((NK2(u)))w)
= N([K2(w),K2(u)]) +K2(ρ
L(NK2(w))u + ρ
R((NK2(u)))w). (5.5)
Combining (5.4) and (5.5), we obtain
N([NK2(w),K2(u)] + [K2(w), NK2(u)])
= N2([K2(w),K2(u)]) +NK2(ρ
L(NK2(w))(u) + ρ
R((NK2(u))(w)))
= N2([K2(w),K2(u)]) + [NK2(w), NK2(u)].
So
[N(x1), N(x2)]−N([N(x1), x2]) +N([x1, N(x2)]−N [x1, x2]) = 0.

Proposition 5.5. Suppose K : V → g is a Kupershmidt operator over the representation V
of the Leibniz algebra g and S ∈ gl(V ). Then K and KS are compatible Kupershmidt operators
if (K,S,N) is a (dual) KN-structure.
Proof. It is enough to check thatK+KS is a Kupershmidt operator. In fact, for every w, v ∈ V ,
(K +KS)([w, v]K+KS) = (K +KS)([w, v]K + [w, v]KS )
= K([w, v]K) +KS([w, v]KS ) +KS([w, v]
K) +K([w, v]KS )
= K([w, v]K) +KS([w, v]SK) +KS([w, v]K) +K([S(w), v]K
+[w,S(v)]K − S([w, v]K))
= [K(w),K(v)] + [KS(w),KS(v)] + [KS(w),K(v)] + [K(w),KS(v)]
= [(K +KS)(w), (K +KS)(v)].
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Therefore, K +KS is a Kupershmidt operator. The dual case can be showed analogously.
The dual KN-structures can be obtained from the compatible Kupershmidt operators. 
Proposition 5.6. Let K1,K2 be Kupershmidt operators associated to a representation
(V, ρL, ρR) of Leibniz algebra g. If K1 and K2 are compatible and K1 invertible. Then
(i) (K1, S = K
−1
1 K2, N = K2K
−1
1 ) is a dual KN-structure;
(ii) (K2, S = K
−1
1 K2, N = K2K
−1
1 ) is a dual KN-structure.
Proof. Prop. 5.4 says that N = K2K
−1
1 is a Nijenhuis operator. Applying Proposition 5.2 to
K1,K2 = K1S, we have that
[K1(w),K1S(u)] + [K1S(w),K1(u)] = K1(ρ
L(K1S(w))(u) + ρ
R((K1S(u))(w)))
+ K1S(ρ
L(K1(w))(u) + ρ
R((K1(u))(w))). (5.6)
Since K1 is a Kupershmidt operators,
[K1(w),K1S(u)] + [K1S(w),K1(u)]
= K1([w,S(u)]
K1 + [S(w), u]K1)
= K1(ρ
L(K1(w))S(u) + ρ
R(K1S(u))w) +K1(ρ
L(K1S(w))(u) + ρ
R((K1(u))S(w)). (5.7)
Combining (5.6) and (5.7), we get
K1(ρ
L(K1(w))S(u) + ρ
R((K1(u))S(w))) = K1S(ρ
L(K1(w))u+ ρ
R((K1(u))w)). (5.8)
Applying K−11 to both sides of (5.8), we obtain that
ρL(K1(w))S(u) + ρ
R((K1(u))S(w)) − S(ρ
L(K1(w))(u) + ρ
R((K1(u))(w))) = 0, (5.9)
which implies that
[w, u]K1S − [w, u]
K1S = ρR(K1(u))S(w) + ρ
L(K1(w))S(u) − S(ρ
L(K1(w))u + ρ
R(K1(u))w) = 0.
Clearly, K1S = NK1. Hence, (K1, S = K
−1
1 K2, N = K2K
−1
1 ) is a dual KN-structure.
(ii) Recall the definition of [ , ]K2S and [ , ]
K2S
[w, u]K2S − [w, u]
K2S
= ρR(K2(u))S(w) + ρ
L(K2(w))S(u) − S(ρ
L(K2(w))u + ρ
R(K2(u))w)
= ρR(K1S(u))S(w) + ρ
L(K1S(w))S(u) − S(ρ
L(K1S(w))u + ρ
R(K1S(u))w)
= [S(w), S(u)]K1 − S([w, u]K1S) = 0.
Therefore, (K2, S = K
−1
1 K2, N = K2K
−1
1 ) is a dual KN-structure. 
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6. Strong Maurer-Cartan equation and dual KN-structures
According to (2.5), a solution Θ : g −→ V of the strong Maurer-Cartan equation on the twilled
Leibniz algebra g ⊲⊳ VK becomes a Kupershmidt operator on the representation (g, ̺
L
K , ̺
R
K) of the
Leibniz algebra (VK , [ , ]
K). The Kupershmidt operator Θ leads to a Leibniz algebra structure
on g with [y, z]Θ = ̺LK(Θ(y))z + ̺
R
K(Θ(z))y (∀ y, z ∈ g). Denote this Lebniz algebra by gΘ.
Similar to VK , ρ
L
Θ, ρ
R
Θ : gΘ −→ gl(VK) afford a representation of gΘ on VK with
ρLΘ(y)(w) = [Θ(y), w]
K −Θ(̺RK(w)(y)), ρ
R
Θ(y)(w) = [w,Θ(y)]
K −Θ(̺LK(w)y)
for any y ∈ g, w ∈ V . Then (g⊕ V, { , }ΘK) is a Leibniz algebra with
{w0 + x0, w1 + x1}
Θ
K = [w0, w1]
K + ̺LK(w0)x1 + ̺
R
K(w1)x0 + [x0, x1]
Θ + ρLΘ(x0)w1 + ρ
R
Θ(x1)w0.
Proposition 6.1. Suppose that Θ : g −→ V is a solution of the strong Maurer-Cartan
equation on the twilled Leibniz algebra g ⊲⊳ VK . Then
(i) (g⊕ V, { , }ΘK) is a Leibniz algebra, denoted as VK ⊲⊳ gΘ.
(ii) K is a solution of the strong Maurer-Cartan equation on VK ⊲⊳ gΘ.
(iii) K is a Kupershmidt operator associated to the representation (VK , ρ
L
Θ, ρ
R
Θ).
Proof. (i) was made clear earlier. Let’s consider (ii). Note thatK is also a Kupershmidt operator
for the regular representation g of the subadjacent Leibniz algebra VK :
K[w1, w2]
K = ̺LK(w1)K(w2) + ̺
R
K(w2)K(w1). (6.1)
Since Θ : g −→ V is a solution of the strong Maurer-Cartan equation on the twilled Leibniz
algebra g ⊲⊳ VK , it follows from Theorem 2.1 that
[K(w1),K(w2)]
Θ = [KΘK(w1),K(w2)] + [K(w1),KΘK(w2)]−KΘ[K(w1),K(w2)] (6.2)
Meanwhile, Θ is also a Kupershmidt operator on the representation (g, ̺LK , ̺
R
K) of the Leibniz
algebra (VK , [ , ]
K)
K(ρLΘ(K(w1))w2 + ρ
R
Θ(K(w2))w1)
= K
(
[ΘK(w1), w2]
K −Θ(̺RK(w2)K(w1)) + [w1,ΘK(w2)]
K −Θ(̺LK(w1)K(w2))
)
= [KΘK(w1),K(w2)] + [K(w1),KΘK(w2)]−KΘ([K(w1),K(w2)]−K(ρ
L(K(w1))w2
+[K(w1),K(w2)]−K(ρ
R(K(w2))w1
= [KΘK(w1),K(w2)] + [K(w1),KΘK(w2)]−KΘ[K(w1),K(w2)]. (6.3)
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Combining (6.2) and (6.3), we have that
[K(w1),K(w2)]
Θ = K(ρLΘ(K(w1))w2 + ρ
R
Θ(K(w2))w1). (6.4)
Then (6.1) and (6.4) imply (ii) in view of Theorem 2.1. (iii) follows directly from (6.4). 
Theorem 6.2. Let K : V −→ g be a Kupershmidt operator on a representation (V, ρL, ρR)
of Leibniz algebra g, and Θ : g −→ V a solution of the strong Maurer-Cartan equation on the
twilled Leibniz algebra g ⊲⊳ VK . Then
(i) (K,N,S) is a dual KN-structure on a representation (V, ρL, ρR) of Leibniz algebra g, where
N = KΘ and S = ΘK.
(ii) (Θ, S,N) is a dual KN-structure over the representation (g, ̺LK , ̺
R
K) of the Leibniz algebra
(VK , [ , ]
K), where N = KΘ and S = ΘK.
Proof. (i) Note that Θ is a Kupershmidt operator on the representation (g, ̺LK , ̺
R
K) of the Leibniz
algebra (VK , [ , ]
K). It follows from (2.5) that
[KΘ(y),KΘ(z)] = K[Θ(y),Θ(z)]K
= KΘ(̺LK(Θ(y))z + ̺
R
K(Θ(z))y)
= KΘ([KΘ(y), z]−K(ρR(z)Θ(y)) +KΘ([y,KΘ(z)]−K(ρL(y)Θ(z))
= KΘ([KΘ(y), z] + [y, TΘ(z)]−KΘ[y, z]),
which implies that KΘ is a Nijenhuis operator.
We now check that (3.7), (3.8) and (4.1) hold for N = KΘ and S = ΘK.
In fact, by (2.4) and K being a Kupershmidt operator it follows that for every w, u ∈ V
ΘK(ρL(K(w))u + ρR(K(u))w) = Θ[K(w),K(u)]
= ρL(K(w))ΘK(u) + ρR(K(u))ΘK(w). (6.5)
Replacing y with K(w) in (2.5) and using (2.4), we have that
[ΘK(w),Θ(z)]K −Θ(̺RK(Θ(z))K(w) + Θ
L
K(ΘK(w))z)
= ρR(KΘ(z))ΘK(w) + ρL(KΘK(w))Θ(z) −Θ([K(w),KΘ(z)] −K(ρL(K(w))Θ(z)))
−Θ([KΘK(w), z] −K(ρR(z)ΘK(w)))
= ρR(KΘ(z))ΘK(w) + ρL(KΘK(w))Θ(z) − ρL(K(w))ΘKΘ(z) − ρR(KΘz)ΘK(w)
+ΘK(ρL(K(w))Θ(z)) − ρL(KΘK(w))Θ(z) − ρR(z)ΘKΘK(w) + ΘKT (ρR(z)ΘK(w))
= −ρL(K(w))ΘKΘ(z) + ΘK(ρL(K(w))Θ(z)) − ρR(z)ΘKΘK(w) + ΘK(ρR(z)ΘK(w)) = 0
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Therefore,
− ρL(K(w))ΘKΘ(z) + ΘK(ρL(K(w))Θ(z)) = ρR(z)ΘKΘK(w)−ΘK(ρR(z)ΘK(w)). (6.6)
Combining (6.5) and (6.6), we obtain that
ρR(KΘ(z))ΘK(w) −ΘK(ρR(KΘ(w))z) = ρR(z)ΘKΘK(w) −ΘK(ρR(z)ΘK(w)). (6.7)
On the other hand, replacing z with K(u) in (2.5), it follows from (2.4) that
− ρR(K(u))ΘKΘ(y) + ΘK(ρR(K(u))Θ(y)) = ρL(y)ΘKΘK(u)−ΘK(ρL(y)ΘK(u)). (6.8)
Combining (6.5) and (6.8), we find that
ρL(KΘ(y))ΘK(u)−ΘK(ρL(KΘ(y))u) = ρL(y)ΘKΘK(u)−ΘK(ρL(y)ΘK(u)). (6.9)
Thus, (6.7) and (6.9) yield (3.7) and (3.8).
At the same time,
[w, u]KS − [w, u]
KS = ρL(K(w))S(u) + ρR(K(u))S(w) − S(ρL(K(w))u+ ρR(K(u))w)
= ρL(K(w))ΘK(u) + ρR(K(u))ΘK(w) −ΘK(ρL(K(w))u + ρR(K(u))w)
= 0,
where we have used (6.5) in the last equation.
Similarly, (ii) can be verified. 
Let (K,N,S) be a dual KN-structure over the representation (V, ρL, ρR) of Leibniz algebra
g. Define the operations ˜̺LK ,
˜̺R
K : VK −→ gl(g) by
˜̺L
K(v) := ̺
L
K(S(v)) − [̺
L
K(v), N ],
˜̺R
K(v) := ̺
R
K(S(v)) − [̺
R
K(v), N ].
Proposition 6.3. Let (K,N,S) be a dual KN-structure on the representation (V, ρL, ρR) of
Leibniz algebra g. Then
(i) K is a Kupershmidt operator with respect to the representation (V, ρ˜LK , ρ˜
R
K) of the Leibniz
algebra (g, [ , ]N ).
(ii) (g⊕ V, { , }NS ) is the Leibniz algebra with the bracket operation
{v0+x0, v1+x1}
N
S := [v0, v1]
K
S +
˜̺L
K(v0)x1+
˜̺R
K(v1)x0+[x0, x1]N + ρ˜
L(x0)v1+ ρ˜R(x1)v0 (6.10)
for any x0, x1 ∈ g, v0, v1 ∈ V .
Proof. It is an easy consequence of Proposition 5.6 and Theorem 2.1. 
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Theorem 6.4. Suppose that (K,N,S) is a dual KN-structure over the representation
(V, ρL, ρR) of Leibniz algebra g and K is invertible, then Θ = K−1N = SK−1 : g −→ V is
a solution of the strong Maurer-Cartan equation on g ⊲⊳ VK .
Proof. As N = KΘ is a Nijenhuis operator,
[KΘ(x0),KΘ(x1)] = TΘ([KΘ(x0), x1] + [x0,KΘ(x1)]−KΘ[x0, x1]). (6.11)
It follows from the definitions of ̺LK and ̺
R
K that
̺LK(Θ(x0))x1 + ̺
R
K(Θ(x1))x0 = [KΘ(x0), x1]−K(ρ
R(x1)Θ(x0)) + [x0,KΘ(x1)]
−K(ρR(x1)Θ(x0))
= [KΘ(x0), x1] + [x0,KΘ(x1)]−KΘ[x0, x1]. (6.12)
Note that K is a Kupershmidt operator, (6.11) and (6.12) imply that
K[Θ(x0),Θ(x1)]
K = [KΘ(x0),KΘ(x1)] = KΘ(̺
L
K(Θ(x0))x1 + ̺
R
K(Θ(x1))x0).
As K is invertible,
[Θ(x0),Θ(x1)]
K = Θ(̺LK(Θ(x0))x1 + ̺
R
K(Θ(x1))x0). (6.13)
Since (K,N,S) is a dual KN-structure over the representation (V, ρL, ρR) of Leibniz algebra g,
[w, u]KS = [w, u]
KS with S = ΘK.
Hence,
ΘK(ρL(K(w))u + ρR(K(u))w) = ρL(K(w))ΘK(u) + ρR(K(u))ΘK(w).
Therefore,
Θ[K(w),K(u)] = ΘK(ρL(K(w))u + ρR(K(u))w) = ρL(K(w))ΘK(u) + ρR(K(u))ΘK(w).
(6.14)
Replacing K(w), K(u) by x0, x1 respectively in (6.14),
Θ[x0, x1] = ρ
L(x0)Θ(x1) + ρ
R(x1)Θ(x0). (6.15)
Therefore Θ is a solution of the strong Mauer-Cartan equation by Theorem 2.1. 
In view of Theorem 4.4, Theorem 6.2 and Proposition 5.5, the following result is clear.
Theorem 6.5. Suppose that K : V −→ g is a Kupershmidt operator over the representation
(V, ρL, ρR) and Θ : g −→ V is a solution of the strong Maurer-Cartan equation on the twilled
Leibniz algebra g ⊲⊳ VK . Then KΘK is a Kupershmidt operator. Moreover, K and NK are
compatible.
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7. Leibniz r − n structures, RBN-structures and BN-structures
Definition 7.1. Let π be a classical Leibniz r-matrix, andN : g −→ g a Nijenhuis operator.
We say that (π,N) is a Leibniz r − n structure of the Leibniz algebra g if for every α, β ∈ g∗
Nπ♯ = π♯N∗, (7.1)
[α, β]Nπ
♯
= [α, β]π
♯
N∗ . (7.2)
We immediately have the following.
Theorem 7.2. Suppose (π,N) is a Leibniz r − n structure of g, then (π♯, N∗, N) is a dual
KN-structure on the representation (g∗, L∗,−L∗ −R∗).
Definition 7.3. Let R : g −→ g be a Rota-Baxter operator and N : g −→ g a Nijenhuis
operator. A pair (R, N) is called a RBN-structure of the Leibniz algebra g if
NR = RN, (7.3)
[x, y]NR = [x, y]RN . (7.4)
Example 7.4. Let g be the Leibniz algebra with basis {ε0, ε1} and multiplication given by
[ε0, ε0] = [ε0, ε1] = 0, [ε1, ε0] = [ε1, ε0] = ε0
Define the linear maps R and N on g as follows:
R(ε0, ε1) = (ε0, ε1)
(
0 a
0 −a
)
and
N(ε0, ε1) = (ε0, ε1)
(
b11 b11 − b22
0 b22
)
,
then R is a Rota-Baxter operator and N : g −→ g is a Nijenhuis operator on g. By direct
computation, (R, N) is a RBN-structure.
Definition 7.5. [ST] A quadratic Leibniz algebra is a Leibniz algebra with a nondegenerate
skew-symmetric bilinear form q ∈ g∗ ⊗ g∗ satisfying the following invariant condition:
q(x0, [x1, x2]) = q([x0, x2] + [x2, x0], x1), ∀ x0, x1, x2 ∈ g.
Let (g, [ , ], q) be a quadratic Leibniz algebra. Then (q♯)−1 : g −→ g∗ is an isomorphism from
the regular representation (g, L,R) to its dual representation (g∗, L∗,−R∗ − L∗), moreover,
(q♯)−1R = (−R∗ − L∗)(q♯)−1, (q♯)−1L = L∗(q♯)−1. (7.5)
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Theorem 7.6. Let (g, [ , ], q) be a quadratic Leibniz algebra, R : g −→ g a linear map, and
N : g −→ g a Nijenhuis operator. Suppose that π♯ = Rq♯ and
q♯N∗ = Nq♯. (7.6)
Then (R, N) is a RBN-structure on (g, [ , ], q) iff (π,N) is a Leibniz r − n structure.
Proof. Since q♯ is bijective, then for any α0, α1 ∈ g
∗, there are x0, x1 ∈ g, such that
α0 = (q
♯)−1(x0), α1 = (q
♯)−1(x1).
By [ST, Cor. 7.22], π is a Leibniz r-matrix if and only if π(q♯)−1 is a Rota-Baxter operator on
(g, [ , ], q).
(=⇒) By (7.3) and (7.6), we have
Nπ♯ = π♯N∗.
We now verify that
[α0, α1]
Nπ♯ = [α0, α1]
π♯
N∗ .
By (7.5), we have
[α0, α1]
π♯ = L∗(π♯(α0))α1 − (L
∗ +R∗)(π♯(α1))α0
= L∗(π♯(q♯)−1(x0))(q
♯)−1(x1)− (L
∗ +R∗)(π♯(q♯)−1(x1))(q
♯)−1(x0)
= L∗(R(x0))(q
♯)−1(x1)− (L
∗ +R∗)(R(x1))(q
♯)−1(x0)
= (q♯)−1(L(R(x0))(y) +R(R(x1))(x0))
= (q♯)−1([R(x0), x1] + [x0,R(x1)]) = (q
♯)−1[x0, x1]
R. (7.7)
According to (7.6) and (7.7),
[α0, α1]
Nπ♯ − [α0, α1]
π♯
N∗ = [α0, α1]
Nπ♯ − [N∗(α0), α1]
π♯ − [α0, N
∗(α1)]
π♯ +N∗[α0, α1]
π♯
= (q♯)−1([x0, x1]
NR)− [N∗(q♯)−1(x0), (q
♯)−1(x1)]
π♯
−[(q♯)−1(x0), N
∗(q♯)−1(x1)]
π♯ +N∗[(q♯)−1(x0), (q
♯)−1(x1)]
π♯
= (q♯)−1[x0, x1]
NR − (q♯)−1[N(x0), (q
♯)−1(x1)]
π♯ − [(q♯)−1(x0), (q
♯)−1N(x1)]
π♯
+N∗[(q♯)−1(x0), (q
♯)−1(x1)]
π♯
= (q♯)−1([x0, x1]
NR)− (q♯)−1([N(x0), x1]
R)− (q♯)−1[x0, N(x1)]
R +N∗(q♯)−1([x0, x1]
R)
= (q♯)−1[x0, x1]
NR − (q♯)−1[N(x0), x1]
R − (q♯)−1[x0, N(x1)]
R + (q♯)−1N [x0, x1]
R
= (q♯)−1[x0, x1]
NR − (q♯)−1([N(x0), x1]
R + [x0, N(x1)]
R −N([x0, x1]
R)
= (q♯)−1([x0, x1]
NR − [x0, x1]
R
N ) = 0.
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Therefore
[α0, α1]
Nπ♯ = [α0, α1]
π♯
N∗ .
Hence (π,N) is a Leibniz r − n structure.
(⇐=) By (7.1) and (7.6), we get
NR = RN.
The remaining part is similar to the converse argument. 
A symmetric nondegenerate bilinear form B ∈ g∗⊗ g∗ on a Leibniz algebra g induces a linear
map B♯ : g∗ −→ g by
〈(B♯)−1(x0), x1〉 = B(x0, x1), ∀ x0, x1 ∈ g.
Here B is nondegenerate if B♯ : g∗ −→ g is an isomorphism.
Definition 7.7. Let B be a symmetric nondegenerate bilinear form satisfying the closeness
condition
B(x2, [x0, x1]) = −B(x1, [x0, x2]) + B(x0, [x1, x2]) + B(x0, [x2, x1]), (7.8)
and N a Nijenhuis operator on a Leibniz algebra g. We say that (B, N) is a BN -structure on
the Leibniz algebra if
B(N(x0), x1) = B(x0, N(x1)), (7.9)
and BN : g⊗ g −→ g with BN (x0, x1) = B(N(x0), x1) is also closed, that is,
B(x2, N [x0, x1]) = −B(x1, N [x0, x2]) + B(x0, N [x1, x2]) + B(x0, N [x2, x1]). (7.10)
Theorem 7.8. Let N : g −→ g be a Nijenhuis operator and B ∈ g∗ ⊗ g∗ a nondegenerate
symmetric bilinear form over a Leibniz algebra g. If (B, N) is a BN -structure, then (B♯, S =
N∗, N) is a dual KN-structure on (g∗, L∗,−R∗ − L∗).
Proof. In view of (7.9), B♯N∗ = NB♯. By [ST, Thm. 7.15], B♯ is a Kupershmidt operator. Now
we claim that
[α0, α1]
N∗B♯ = [α0, α1]
B♯
N∗ . (7.11)
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Since B♯ is bijective, write α0 = (B
♯)−1(x0), α1 = (B
♯)−1(x1) for some x0, x1 ∈ g. For any
x2 ∈ g, in view of (7.8) and (7.9),
〈[α0, α1]
N∗B♯ − [α0, α1]
B♯
N∗ , x2〉
= 〈L∗(B♯(α0))N
∗(α1)− L
∗(B♯(α1))N
∗(α0)−R
∗(B♯(α1))N
∗(α0)−N
∗(L∗(B♯(α0))α1
−L∗(B♯(α1))α0 −R
∗(B♯(α1))α0), x2〉
= −〈N∗(α1), L(B
♯(α0))x2〉+ 〈N
∗(α0), L(B
♯(α1))x2〉+ 〈N
∗(α0), R(B
♯(α1))x2〉
−〈L∗(B♯(α0))α1, N(x2)〉+ 〈L
∗(B♯(α1))α0, N(x2)〉+ 〈R
∗(B♯(α1))α0, N(x2)〉
= −〈α1, N [B
♯(α0), x2]〉+ 〈α0, N [B
♯(α1), x2]〉+ 〈α,N [x2,B
♯(α1)]〉 − 〈α1, [B
♯(α0), N(x2)]〉
+〈α0, [B
♯(α1), N(x2)]〉 + 〈α0, [N(x2),B
♯(α1)]〉
= −B(x1, N [x0, x2]) + B(x0, N [x1, x2]) + B(x0, N [x2, x1])− B(x1, [x0, N(x2)])
+B(x0, [x1, N(x2)]) + B(x0, [N(x2), x1])
= −B(x1, N [x0, x2]) + B(x0, N [x1, x2]) + B(x0, N [x2, x1]) + B(N(x2), [x0, x1]) = 0,
which implies that (7.11) holds. 
The following result is a consequence of Proposition 5.6 and Theorem 7.8.
Corollary 7.9. Let N : g −→ g be a Nijenhuis operator and B ∈ g∗⊗ g∗ be a nondegenerate
symmetric bilinear form on a Leibniz algebra g. If (B, N) is a BN -structure, then B♯ and NB♯
are compatible Kupershmidt operators on (g∗, L∗,−R∗ − L∗).
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